We present a formalism able to predict the transformation of light beams passing through biaxial crystals. We use this formalism to show both theoretically and experimentally the transition from double refraction to conical refraction, which is found when light propagates along one of the optic axes of a biaxial crystal. Additionally, we demonstrate that the theory is applicable both to noncylindrically symmetric and non-homogeneously polarized beams by predicting the transformation of input beams passing through a cascade of biaxial crystals.
I. INTRODUCTION
Light propagation in optically anisotropic media is an interesting object of study due to the number of scientific and technological applications of uniaxial and biaxial crystals. Although the effects of anisotropic media on light beams is known since centuries ago, even nowadays this topic is an object of exhaustive study. Due to the fact that the mathematical description of uniaxial crystals is simpler than for the case of biaxial crystals, light propagation along the former is well understood. However, to our knowledge there is no basic set of equations offering the possibility of predicting the behavior of light after passing through biaxial crystals along any beam propagation direction. The most related works on that topic have been performed by Dreger [1] and Garnier [2] . Analogously to uniaxial crystals, in biaxial crystals light propagating out of one of the optic axes suffers from double refraction. In contrast, if the beam propagates along one of the optic axes it suffers from conical refraction (CR), being this a phenomenon of renewed interest during the last years. In this case, the transformation of cylindrically symmetric and homogeneously polarized beams has been well described with diffractive optics by Belsky and Khapalyuk, and Berry [3, 4] . Under conditions of CR, an input Gaussian beam with waist radius w 0 , is transformed at the focal plane of the system into a pair of concentric bright rings split by a dark (Poggenforff) ring of geometrical radius R 0 provided that ρ 0 ≡ R 0 /w 0 ≫ 1 (see Fig. 1(d)) . No matter what the state of polarization (SOP) of the input beam is, at any point of the rings the SOP is linear with the azimuth rotating along the rings so that every two diametrically opposite points have orthogonal polarizations [5] . Out of the focal plane, the beam evolves as an optical bottle with two on-axis maxima at positions z = 4/3z R ρ 0 [6] (where z R is the Rayleigh length of the Gaussian input beam). * Corresponding author: alejandro.turpin@uab.cat Up to know it has been shown both experimentally and theoretically CR for homogeneously polarized Gaussian input beams [3, 4, 7] , top-hat input beams [8] and Laguerre-Gauss input beams [9, 10] through a single crystal and also the transformation of Gaussian input beams in cascaded crystals [7, [11] [12] [13] [14] . With a wave-vector based formalism, the CR transformation of elliptical input beams and an axicon input beam has been analyzed [15] as well. Berry and Jeffrey also showed the transition from double refraction to CR for cylindrically symmetric beams with a modified treatment of CR that allows studying dichroic crystals [16] .
Our aim here is to present a theoretical formalism capable to predict the transformation of light beams in biaxial crystals independently on the beam shape, its SOP and its propagation direction. We will provide the formulas for the electric field behind the crystal and show the evolution from double refraction to CR and the transformation of non-cylindrically symmetric and nonhomogeneously polarized beams both in single and multiple biaxial crystals. As a proof of the usefulness of the theory, we will present the experimental cases of a Gaussian and an elliptical input beam.
II. THEORETICAL FORMALISM
In what follows, we will consider normalized coordinates to w 0 and z R , i.e. x → x/w 0 , y → y/w 0 and z → z/z R . In the parabolic approximation, after passing through a medium or optical element, a light beam can be described by means of its displacement vector D as a superposition of plane waves κ = (κ x , κ y ), which are generated from a unitary transformation provided by the optical elementÛ ( κ) applied over the Fourier transform vector of the input light beam A( κ). In other words,
where A( κ) is the Fourier transform
of the input beam with transverse electric field
where e x and e y are the unitary vectors in Cartesian coordinates. For a low birefringent biaxial crystal, it has been shown that the unitary transformation provided by the medium
whereσ 3 andσ 1 are the Pauli matrices andÎ is 2 × 2 the identity matrix. It is straightforward to demonstrate that for a given vector v = v n with |n| = 1, the evaluation of e iv( n· σ) givesÎ cos(v) + i( n · σsin(v)), where σ = (σ 1 ,σ 2 ,σ 3 ) is the vector of Pauli matrices. By recalling the latter identity and after evaluation of U ( κ) = e −i Γ( κ) by using Eq. (6), the unitary transformation provided by the crystal can be obtained:
where κ ≡ κ 2 x + κ 2 y . By combining Eq. (1) with Eq. (7), there can be obtained two main integrals that describe the beam evolution behind the biaxial crystal:
where α = (x, y) and n is the mean refractive index of the biaxial crystal. The expressions for the field D in terms of Eqs. (8) and (9) are
Note that Eqs. (5)- (11) do not require the input beam to be cylindrically symmetric nor to be homogeneously polarized. Additionally, since an unpolarized beam can be expressed as the incoherent addition of multiple beams, these equations can be used to predict the transformation of any input beam, no matter its SOP or its shape, as long as its Fourier transform can be obtained. For input beams with non-homogeneous polarizations, it must be taken into account that the beam and the polarization can be always decomposed in the (x, y) basis, so that the theoretical formalism presented above can be always used. The above formalism reduces to the well known Belsky-Khapalyuk-Berry equations for CR when cylindrically symmetric and homogeneously polarized beams are considered, as demonstrated in Appendix A.
In what follows we will demonstrate the flexibility of the presented formalism to show the transformation of light beams in a variety of situations.
III. SINGLE CRYSTAL CONFIGURATION
In this section we discuss the transformation of input beams that propagate within a biaxial crystal nonparallel to one of the optic axes, i.e. under conditions of double refraction. We consider homogeneously left handed circularly polarized input beams, i.e with normalized electric field e 0 = (1, i)/ √ 2, and we look at the transverse patterns at the focal plane (Z = 0). Propagation out of the optic axis can be described by the product of the input field amplitude by a factor exp(−i δ · r ⊥ ), where δ = (δ x , δ y ) and r ⊥ = (x, y) [16] .
We consider the well known case of an input beam with Gaussian transverse profile and an elliptical input beam. Their electric field amplitudes are described by
where a and b are constants and δ x and δ y give the angular separation of the input beam's propagation direction with respect to the optic axis of the crystal. The experiments have been performed by employing a KGd(WO 2 ) 4 (conicity α = 16.9 mrad) biaxial crystal with a length of l = 28 mm, yielding a CR ring radius of R 0 = lα = 475 µm. In Figs.1(b1)-(b5) we used a Gaussian input beam focused by a spherical lens with 100 mm of focal length. The elliptical input beam was obtained by focusing the same Gaussian beam with a cylindrical lens with 100 mm of focal length. The biaxial crystal was mounted on an angular micrometric positioner that allowed to change the φ and θ angles in spherical coordinates and to observe the transition from double refraction to CR as the optic axis and the beam propagation direction approached each other. Fig. 1 shows transition from double refraction to CR for the Gaussian input beam (first and second rows) and the elliptical input beam (third and fourth rows) both experimentally (second and fourth rows) and numerically calculated by using Eqs. (3)- (11) The transformation of a Gaussian input beam propagating parallel to one of the optic axes of a biaxial crystal as described by Eq. (12) (parallel propagation implies δ x = δ y = 0) is the most commonly studied case in CR. When δ x,y = 0 double refraction instead of CR is found. Double refraction in uniaxial crystals is associated with the splitting of the input beam into two beams with identical transverse pattern and orthogonal polarizations, corresponding to the ordinary and the extraordinary polarizations. However, in biaxial crystals, a Gaussian input beam propagating out of the optic axes splits into two azimuthal sectors placed at diametrically opposite positions of the otherwise expected CR ring, provided that the angular propagation deviation with respect to the optic axis is small. Only when δ x,y ≫ 1 the output split beams preserve the input beam's pattern, as in uniaxial crystals. As the beam propagation direction approaches to the optic axis, the split beams occupy a larger azimuthal angle and eventually both interfere, see Figs. 1(a3)-(a5) . The fact that the two split beams interfere implies that both beams possess regions of nonorthogonal polarizations. For parallel propagation with respect to the optic axes, the interference between both split beams is maximum and the two bright rings with Poggendorff splitting are formed.
In case of an elliptical input beam, there is a competition between the ellipticity of the shape of the beam and the refraction induced by the crystal. We consider an elliptical beam described by Eq. (13) with a = 1, b = 0.1, i.e. with w x < w y . Since the misalignment with respect to the optic axis is only along the y direction, the two split beams are expected also to appear in that direction. Due to the non-symmetrical nature of the elliptical beam and the double refraction provided by the biaxial crystal, which induce opposite effects, the two refracted beams for beam propagation out of the optic axis are wider than for the Gaussian input beam case, see Fig. 1(c1) . As the misalignment of the input beam is reduced, the refracted beams expand along the azimuthal direction and at some point both interfere, as in the previous case. For parallel propagation to one of the optic axis, the pattern is formed by two lobes each of which with Poggendorff splitting, see Fig. 1(c5) . The two lobes are slightly connected between each other but we have checked that the connection points tend to disappear as the ratio of the axes of the ellipse increases. We have additionally checked that there is a continuous evolution of the double-concentric ring structure from Fig. 1(a5) into the double-lobe pattern from Fig. 1(c5) as the ratio of the axes of the ellipse increases. For a deeper study of CR from elliptical beams, see Ref. [15] .
IV. CASCADE OF CRYSTALS
Light propagation through a cascade of crystals can be predicted by using Eqs. (5)- (11) recursively. In this case, the output electric field after the first crystal E CR:1 becomes the input electric field impinging the second biaxial crystal and this process can be repeated until passing through the whole cascade. Since the beams obtained after the first crystal can be non-cylindrically symmetric and non-homogeneously polarized, the results reported in what follows prove also the usefulness of our formulation for such input beams. Fig. 2 presents the numerical simulations and experimental results obtained for a cascade of two biaxial crystal with common optic axis being parallel to the optical axis of the system for an elliptical input beam. The passage of an elliptical input beam through the two crystal cascade shows a similar behavior: each of the two lobes with Poggendorff splitting obtained after the first crystal split into two lobes, also with Poggendorff splitting, after passing through the second biaxial crystal. The experimental observations from Fig. 2(b) were performed by using two KGd(WO 2 ) 4 biaxial crystals with lengths of l 1 = 28 mm and l 2 = 10 mm. The Gaussian and elliptical input beams were identical to the ones used in the previous section. As it can be appreciated, both theory and experiment agree well. 
V. CONCLUSIONS
In summary, we have presented a theoretical formalism that describes the beam evolution of light propagating through biaxial crystals. The method can be used with complete generality, i.e. it does not require symmetries in the beam shape nor in its state of polarization, as well as can be used to predict the behavior of light with any propagation direction. We have demonstrated the flexibility of the reported formalism for the transformation of a wide variety of beams, including non-cylindrically symmetric and non-homogeneously polarized input beams, propagating along one of the optic axes of a biaxial crystal. Additionally, we have shown the transition from double to conical refraction for non-cylindrically symmetric beams, such as an elliptical beam. Finally, we have reported the case of a cascade of multiple biaxial crystals. Our numerical predictions accurately reproduce previous experiments on light transformation in biaxial crystals [7, 8, 10, 15] .
We expect the reported results to be applied in all areas of optics requiring the use of biaxial crystals and, in particular, in optical trapping [6, [18] [19] [20] , free space optical communications [21] , polarimetry [22, 23] , lasing and non-linear optical phenomena [24, 25] , laser processing [26] , the generation and manipulation of vector beams [5] and beam shaping [27] [28] [29] .
The electric field described by Eq. (A1) can be rewritten in terms of two fundamental equations as shown by Eqs. (8)- (11).
If we change the coordinate system from Cartesian to cylindrical, we must carry out the following replacements:
where we consider the radial coordinate to be normalized to the beam waist radius (w 0 ) of the input beam through ρ ≡ r/w 0 . In this case, Eq. (A1) reads as follows: 
Now, we simplify the system by considering a uniformly polarized and cylindrically symmetric input beam E = E(r) e 0 with cylindrically symmetric Fourier transform too, i.e. A x ( κ) = A y ( κ) = a(κ), where
being J n (x) the n th -order Bessel function of the first type. With this assumption, we can integrate over φ κ by using the following expressions sin(κρ 0 )J 1 (κr)dκ .
